


Chapter 1 : Systems of Linear Equations
Linear equations inn variables Systems of Linear Equations/linear system

leading conpricient. (highest power =1 produces straigh line 26 sets of linear equations with the Types of solution of
variable

9 , n ,
- arc + asUs +... annn = b

same set of variables An = b
I variable Iconstant

,
a realnumber Number of solutions of a system of linear equscoefficient

① One solution-consistent, independent unique solution

solutions and solutial sets of a linear equ 2 +y = 3
~

one intersection
- 00

10 a sequence of a real numbers So
,

Se
,

So
..... In that a -

y = 1 - p g = 0 A
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its
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into ear U = 1

, y = (
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- onlyIa
en a

1
, I J1

, U2 : Sa
,

Un = S
, ..., Un = In

② Infinitely many
- consistent

, dependant
2 set of all solutions : solution set ↳ ① No solution

-

n + y = 3/ +mrdcanis a & constricton = 0 0 *

↓ 2n + Ly = 6 solutions. -
of value to

*↳ the solution set is represented o o *

can be represented using M = 3-t
, yet ,

tix any using parametric rep
put into equ

000 A
Parametric Representation

real number inctly many -
-

⑰

eg
: solve the linear equ Su + Ly

- z = value
① Morse y and z to be free variable, ③ No solution - inconsistent

, independant infinitely may & Infinitely manysolution
34 = 3 -

2y +2
solution -

-00 A
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= 3 10 solution
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- D
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#
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particular
: U = 1

, 4 : 0
,

z = 0 and = 1
, y = 1

,
2 = 2

free variable variable
solutions MonEni Kinnitely many le Manynumberthen



Solving Linear Equations Via Matrices Using :

O Gaussian Elimination & Gauss-Jordan Elimination ⑤ Inverse Matrix

eg
: u - 2y + 32 = 9 using back-substitution

,

Au = B,
-n +

by = - 4 2 = 2 - 0 continue until reduced - new shelon form M = A"B

2n - 5y + 52 = 17 u -

2y
= 9 - S(2) i - 2 39

#
M = 3 + Cy 013 5

, u = 3 + 2y -
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=
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-
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-
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L
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-
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Homogenous system
each of the constant

~ terms isO

al H1 +
... dinUn = S

:

am , M
,

+
... + Amn + Un = O

eg : u . -xc + 34 =

3 if equs -variables : infinitely many solutions

2n , + Mc + 343 = 0

Using Gauss-Jordan Elimination
,

D

I1 i : %
↓) using parametric rep ,

+ = u,

solution set : u .. - 2t
,

12 = +, Us : +

: system has many solutions
,

one of

which is the trivial solution (t =0)

↳ each equs are

satisfied



Chapter 2 : Matrices
Applications of Matrix Multiplication

alatrix operations repantingsystem oflinearequationa Swritten as

① Addition
,

substraction As . U .
+ GeeMe + deals = be ->2 Nee das H

= ba

3 = #1 + 1) (2 + 3)
-

Asil+ &selle + Ass = be s : a se das

+( (H eg : solve the Matrices--ba-an-Ana . . .
↓(officient -

-

- =

-

oEscalar multiplication A = -, i ,
and 0

.

0-3 2 - =Still 3121
- -

Us

O - 310) 3111
- ↳ system Us

n
.

- 2x2 + 23 = 0

② Matrix multiplication 2n
,

+ SHe- IUs = 0

(iv :, 9
in Dur ↓ way-Jordan elimination

-2x2 if same
,

can multiply ↓ augmented matrix

A =,
1x2
B = is c = 1 0-be 0

4 - 2 -11- answer'll be 3 :2
-

0 1 " 0
-

50 (x1 : (- 1) ( - 3) + (3)(- 4) -> Us = It
,

solution set = Mi = t
,

12 = 4t
,

13 = 7t

, 3 -= = H1() + 131(1) ↓ in matrix fam

- 3 2

-

,
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=

- 46
- 4 I u = + 4

50
L

-It 10-
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Properties of Matrix Properties of transpose matrix

1 . A + B = B + A - commutative 1 . (A "1" = A

2. A + (b+ c) = (A + B) + 2 - associative of addition 2 . (A + B1" = A"+ BT
Trans-o

columns

3 . (uy) A = u(YA) - associative of multiplicative 3 . (uAl" = n(A")
eg : B =

/by ,Big
4 . IA = A - Multiplicative 4 . (AB)" = BYAT

5

. n(A + B) = MA + mB - distributive

6. (Hd)A = 1A + dA-distributive
~zero matrix

7 . A + 0 = A

0 . A + (A) = G 3 propertiso

aa

9 . If UA = 0
,

then =0 or A = 0

10. A(B)1 = (ABIC - associative of multiplication

11 . A (b+ 1) = AB + A) - distributive

12. u(AB) = (A) B = AlUB)

13. if A is a matrix of size man
,

then

-identify -o [10, 7- Aln : A

- Alm = A



-
if A = 2x2 matrix

Finding inverse of matrix ~ - A exist only if ad-be to

② A "
=

I d .5

① AA" = I
-

1.10 - 0100

-

ad-be = 1a-

eg
: Find inverse Matrix of A = 10 - 1 - 01 - 1

- 11 0 (-1)Rs - 0 Rs

- 623
-

g & I
- 2 - 4 - 1 - properties of inverse matrix

- -

by using Gausi-Jordan elimination, - -

1 . (A') = A
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-
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-
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-
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-
-
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-0 R2

-
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,

then A = B- O - 1

- 623001
- -

-

: A=2 - 3 - 1
-

-

I - I 0100
- 3 - 3 - 1

= O 1 - 1 - 1 I S Rs + GR ,
-0 Rs =

2 - 4 - I
-

L

0 - 4 360 1.
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-
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- 110 R3 + 4R2-ORs

-

00 -12 4 I



Elementary Matrix Writing a Matrix as the

Lommn it can be obtained Product of Elementary Mutrices

from the identify matrix eg
: A= -1 - c

by a single operation,
I = 3xS - 38 -

L r if 3x2

eg
: Find a sequence of elementary matrices that can Find out requence of Elementary Matrices

be used to write matrix A in new-echelon form to rewrite A in reduced new-echlor form

- --

135
#Es=B2 HMR, C

A =

1
- 30 2 G I

-

2
- 6 2 O

- -

-1 2 R2 + 1/R , ORe Ec O

-
302I 02 - -- S I
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-
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.
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-
-

1 oo
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,
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-

+
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,En

-
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L

0 0 1
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002 - 1 -201
-

-01-

-
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"
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, EeEsEn = I use-dia)
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,
"E

,
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00 - 2. o o -



The LU-Factorization

j La B
eg

: solve the linear system
M

,
- 342 = - 5 ②s o-10 0

-

is 5

-

M2 + 34y = - 1 013018 uc
=

- 1

2n
.

- 101c + IUs = -28 -0014
-

-2 - 41
-

- 4s
-

- 2

① Find the LU Factorization let y = Un
L Y

- 1 - 3 o

-

1
- 30

- -1 - so

-

-0 O--
- -

Rs +1- 2)R ,
- DR3 Rs + 4 Re-ORs

0 13
01 3 ↓ O I S T

0 10 y =
- I

2 - 102 8 - 4 2 00 14 2 - 41
-

1)= -
- ~ L

-

- -

-

100 10 a

y = - 5
,
y =

- 1

, y
= 14

I
,

= 0 g Ez= 0 I a

U U Y

~

-201 04 1

-

1 - 30-i
=

+

0 132 = -

AE , Ez = U To i -00 14
-

Use = 14.
A= VE"E L = f 1 g

= UL -2 - 41 - Me+ 4) - 1) = - 1

: EE= = L Uc = 2

u1 = 5 + 3(2)
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Chapter 3 : Determinants
2 a scalar value that can be calculated

from the elements of Matrix

Calculating Determinant ③ Triangular Matrix
↓ of entries on the main

① 2x2 matrix
-

2 O pred,anal

(Al = ab =
ad - D

AISO ,

IAl = (113(4)Y

d

② n > 2 matrix /far new expansion

02 1 will on the formula-1A[diiliv
eg

: A = 3 - 12 -o ~er dumn expansio

-1 -230-

- "OI-inilwe-
-

(-1)to Mir
eg : A=

-110 C

02 03

①Find the miner (Mil for a ren

j = 1
Mil =

- 12 = - 1(1) - 2(1) = -

② Find the lofaters
Lusing sign pattern .[ since the

samn 38s
,

we'll nrose it

3 - 12 IA) = 3(1 + 0(2 + 0(x + O(y)
A -

-40 1 &
·

A ( = -1
,

(2 = 5
,

Lis : 4
Since there'll result

miner of,
in O

,

we can ignore

③ Vo Formula
,

IA) = dis (ii +... din (in V

2 1
,
M = 3 2 = 5111-412) = -E (s = ( 1)3

+112 = - 12

023 02S

3 - 12 41 |A) = 0(- 1) + 2(π) + 1(4) = 14
34 -2 34 -2

-40 1 me herutoetpandthen
7

2 1
, M =3 y

= 310) - 4( ) = 4 (i = 0(-1)
*"

12 + 2( 12
+ 2

- 2 + 3712 - 11

4 -

2 3- 2 34
3 - 12

-40 1
(3 = 13

(A) = 3 ( , = 3(13) = 39#



Properties of determinants -

-1 22
(2 + 72)(1-0k↓ (Al = 012 + O(2 + O(x =0① B = Raw interchangin on A

,
/B1 = -IA)

-
eg : A = 3 - 64

② B = Row addition on A
,

(B) = 1A) -
5 - 10 - 3- -50 - 3 - *easier to calculate- cofactor

③ B = Ran multiplication by a constant , on A
,

(B) = CIA)

⑦ B : Elementary column operations on A
,

111 = IA)

⑤ IABI = IAIIB

⑥ I cAl = <(A) Cramer's Rule (solving system of a linear egn with determinant)
⑦ IA"1 : V/IAI X= Du y = by z = Dz

⑧ IAI : /At D A D

eg : -u + 2 y - bz = 1

Adjoint of a matrix
2n + 2 = 0

Lopactor: A B
31 - Hy + 42 = 2

1 Al : + 2 - 3 = 10

-Transpose of cofactor,
202

Adjoint = cofactor" :A 3 . 44

2 P

-BP-

·

S
to solve "the M-column is removed

,

then proceed with this'll defult in O
,

thate why we cheese rar-e

determinant

Finding inverse using adjoint 12 - 3
Finding

12++OnA" = 1 adilAl U = 001 = 11-1152 - 4

IA)
2 - 44 10

10
= 1

5



Chapter 4 : Vector spaces Linear combinations ofVeltors Vester space
Lowriting one restor as the sum of scalar ↳ a set of restor

,
where :

- Us +

(4 ,, 42) multiples of other restors
,

u = 1
,
v

,
+ 12 V2 +... + (nU & utV is in U (addition of randr pink

Vector u = (4, 42) = eg
: u = (-1

,

- C
,2)

,
u = 20

,
1

, 4)
,

V = (1
,

1
, 21

,
W = (Sl

,

1
,

2) Qu+ V = V + 4

u Find sculars a
,

b, c such that u = au + br + W ③ u + (V+ w) = (n + 1) + w

④ has zero rester

Veter addition (,2
,
-2) = a(0

,

1
,

4) + b) + 1
, 2) + c (3,

1
,
2) &every ninv

,

there is -u where n -U =

u + V = (U,, 421 + (V
,
ve) = (U, + V

,
Ye + Vel =

Y

--F = (0
,

a
,

49) + 1- b
,

b
,
2b) + (3)

,
)

,
211 @CH is in V Localar multiplication

= ( -b + 3)
,

a + b + 1
,

4a + 2b + 2) ⑦ c(u + r) = cu + r
>

L make comparison, ⑧ ((+ d/u =

2n + du

- 1 =

- b + 4) ⑨ c(du) = (d)y

restor operations
- 2 = a + b + c 1 a = 1

,
b =2

,
c = - 1

⑳ (ul = 4

①u + V : + + y
- 2 = 4a + 2b + 2)

① (H + V1 + w = u +(+ w)

③ u + 0 = u restors in RO2 dimension = n = u - 2V- y

④u + 1 - 4) = 0 LoRa = (U
, y)

,

RS: /4
, y , zl

...

eg : set of all 2nd-degree polynomials sum is not and

⑤ <(U + r =( + V
eg : shar set of all 23 matrices with operation

↳pinlea 3
PM1 + g(1 = D degree polynomial

⑥ (1 + d)u = 24 + du
of matritution and scalar -multiplication it

⑦ ((dul = disys
is a westeropan nota recor

at
Losince-A + B = 2 = 3 matrices

01u = 4 I closed system-

(A) = 2-3 matrices(result always
2x3 matrices

- To prove it'srestor space,

# ①Th sumis in thatamit's recta

space



Basic the most minimum no of restors

-
↳o necessary rectors that all rectors in the rector

What is a restor space ?

&
/ space can be formed by scalar addition of it

Lo combination of elements that is :
it must :

O closed under scalar multiplication How to effectively
LEV

,
Lis scalar

,
then cate describe a restor

-① linearly independant

② closed under scalar addition space ? beach restors in basis can't be produced

by other rectors in the basis

↳Er
,

Gr then+Fer
② Span the restor space

③Contains zero rester ↳ every restors inV can be formed

↳ 0 Er by scalar addition of it

I

eg : show that set ofThereal numbers is a
eg : Prove that0 : O , 0 is basis ea Rs

rector space &

& containO restor ? ↑

- O is real number,
① check per linearly independence ② Check for spar

- Find out solution for homogenousystem Al = B -
it must have soln .

(Insistent

②closed under restor addition ? * ref =

- let a and b are real numbers,
10 g O - 3hia

10 O
~ since it's consistent

,

a + b
,

real num + pal num is still
O 10 O O 10 any rectains

real num
0 0 I g 13 =0 Longrestor

can

aa 0 0 I
can be parmed by

2 the solution is also called
Vertel scalar addition of

Null space ,
the dimenting the basis

E eg : 10 u C③ closed under rector multiplication? o 11 O
is Nullity ·Poe its basis,- let a is a real number 0008

7 ( : 0
,

(2 + 13 = 0
19 is still a real number

↑ C = 1s (these can be represented by its dimential
,

clim(H = 3
other restor = linearlydependant



What is subspace ?
Row space and column space

reduced
- 36 - 117

new-chlee

v
A = 1 - 225 -!

- 20 - 13

~ VretIA/
01 2 - 2

subsetitstillhaveteie, 2 - 458 - 4 0 o o O a

as restor space
~

all possible linear

~
9 combinations of clumns

nowspaininscolumnas

let (1 = S , 13 = t
1 - 20 - 13 1 - 20 - 13

what is
span

? B S
0 O 12 - 2 0 01 2 - 2

j - >(2 - (y + 3/5 = 0

2 0000 o 0000 o

eg
: /R , v

, = Ve = Eve : I
1

- I 2 - I Pivot columns (Pirst non-zero elements in each new

~
5-dimensional restors

- 1

span) V
, Ve

,
Ve) = av

,
+ Dre + CVs u = 1 .20 13 V : 2

29 8
- (

us = 10 0 1 2 -

2)/rau space
A 2 i

= d + 2b
+ - i form basis for row(A) <R

"

i fam basis por 101(A) CR
- a 2b

- (

I 2a - 1

a + 2b - 1

- a + 2b- 1
No . of basis verters : new rank of A = Column Rank of A : rank of A = Basis of Ester Space of A =<

-
span is any linear combination,

possible of the restors

↑) it is also the subspace of

the restor



Nullspace of aMatrix Change of basis

Co set ofasolutions of ey: Find Coordinate of M = (2
,

1
,

2) relative to

thehanogeneous system
standard basis

,
J= &(1, 0

,
01

,
10

,

1
,
01

,

10
,

0
,
119

An = 0

Todimension of it islity M = 2 (1
,

0
,
0) + 110

,
1
,
01 + 310

, 0
,

1) [i] =
-z

(

eg : find nullipace for A = 1 2 - 2 -3-

36-54
egz

: Find the coordinate of U = (1
, 2,-11 relative

1203 to B1 = 3 (1
, 0

, 11
, (0, 1

, 21 ,
(2 ,

3 :

- 5)

I 203
ref

A - 0 o 1 1 2, U . + (2(c + (Us = (1
,

2
, -1) M = 5 (1

, 0
, 1) + (8) 10,

- 1
, 21 + 72)(2,

3
;
-5)

0000

let Me = s
,

ny = t

(1) 1
,
0 , 11 + (2 (0

,

- 1
,
2)+ (3(2

,
3
, -2) = (1

, 2
, -1) ↓

n , +2xz + 344 = 0 (11 + 2(2
,

- (2 + 3(s
,

(1 + 2(2 - 5(3) = (1 ,
2,1)

u =
- 25 - 37

Me + Un = 0

My =
- t

↓ InJp:=-
[i ↓ 2(3 = 1

-n
.

-2 - St =
-

-j - (2 + (4 = 2
-

- L
-

u = Uc I S
= S 1 + t 8 (1 + 2(2 - 5( = - 1

- t O - I it

0-1 2 =
2---m

-I 02

-

ii
-

,

-

12 - 5
-
1--

- I



Transition Matrix Linear differential equ

[M]m = D" [M]m
eg

: for y'"y = 0
,

check if e"is a solution
I

transition matrix from

B-0 B'
y

= ex

y(u)
nyk -

y
= 2-

4
= 0

: y = el is solution for y(x)-y = 0 #

eg : Find transition Matrix
,

B = "100 to B : "1 02

0 18 0 - 13 Wrenshiam test for linear independence
0 r1 12 - 5

-

B : B pl =

-

-
14e-

W(y
,

Ye ...

yn)-inary independan
s

3
-7 - 6

i 02 100
-

1 + -

1
0 - 1 , 010

eg : Test solution set , 37-34 , 32-34y for linear independance
1 2 - 500

-

-

↓ ERO N/e-34
,

39 4) :

/EisubenaI3 p
-

--

10 + 4-C

0103
-7 -

= (e : <"
.

-gen) - (- 3
- 34

. 39
- 34/

00 , , 1 + - =
- ge

- an
+ q

- bu

= 8

: since the Wranshian is equal to 0, e and 31-

is not linearly independent #



Chapter 5: Inner Product spaces
5. 2 Inner product spaces

theRermula can be anything,
5 . 1 length and dot product innew product, <U

must Roller : dependion the propertieso

-restor length ,

11011 :

Vitrea general formtheinner product aa

① <U
, r7 : [V, 4 Euclan inner

space v ~ product

Lif & (u,+ ) = <U,r)+ <U , 27 20 dot product ,
U.V is

↳ distance of 2 restor : V is unit resta
② ((4 , r) = < (u , r]

inner product for

d (v, u) = 11 V11 -11411
- Ru

⑦ (v, r > 20
,

(v, r >= 0 myip v=0

- Unit restor
,

u = v
- length/distance or U

,

11411 = < y,17 ~
IIVII n . uz: -

distance between u and V
,

dlu , v) = llu-v
- 8 = Th

-
~ geometric formula

u
⑳

v

j

> 1058 : - I angle between Handv
,

1018 = <U
, r)

,

018 IT

- Dot Product
,

UoU = U . V . + leve = 1/411 IIVIII0S8
u . V < 0

1411 11V1

-
~

absolute <8LT
- u and v orthogonal, (U

, V =
value ·

- Lauchy-Schwarz Inequality ,
I nor1 = Kullr

~ orthogonal - 1IVII = 1
,

U is unit Vector
1 U . V = 0 after

~
A T

g = t

- Angle between two restors
,

1018 :D
,

018M

S

- U

=I is unit mecter in directea

↑ 8⑭ur" H

- U .

17008 inner product of functions in V (19.
b]

.

< & .g) = SEmspade7

I = 0
-

eg : Preve Cauchy-schwarz inequality Per e= 1
, girl=1 in

U

·
"1018: 1 V (50

, 17S >

⑭/ Orind <P
, 92 ② find 1181111g11

1this should be the largest < 4
, 9) = :Man = E 11912: &

,
e) = S'du=

- Triangle inequality .

114 + V11 [I11 +
1r11*

-VI/ I
11 gll"= < g . g7 : So'edit

- KR , y7 / & 1181111y11 1181111y11 = 153
- Pythagorean therem

,
U and vare orthogonal it Nutril" = 11+ 111u shown

1IVII



u on to

Orthogonal projectionwith proj
of

Tv

LV , V
V . W

I

proje Liprevuarr
a

↳ distance between orth proj is

Su the shortest



5. 3 Ortonormal Bases : Gram-Shchmidt Process

Orthogonality Orthonormality - -unit
restor Ceterwita

↳ 5 = o G01)= = 1 (restors have length If

② orthogonal
8 = I rad

=On eg:-4- ,=I
-- -

(OS I = 0

(g) = a = 16 + 4 + 1 = 21

eg:-4- ,= 15 " = i52 = 1 + 9 + 4 = 14
-- -

9. b = G , b ,
+ 92 bz + azbs 2/Tal

-> -

= 4(1) + 21 - 3) - 11 - 2) · I
normalization

-3/ M4
5 = =1m15

-

Orthogonality of subspace
if the square matrix

,
0 eye : functions

,

P(u)=,gl =1

egl : Square matrix.We Vr isorthogonal
,

0% = OT < 8
, 9) = J. RM/pc/du : Indu=

e

if ([- 1
, 1] if (10,

17

0" = OT : We weVewFr =
0-athogena 3 -H

.

WWeHe-

length (Urel" + 11/ = 1- ashonormal Loorthogonal over-1 tel Co not orthogonal over o to

length
o

(1/r)"+ 1 - VraF = /



Gram-Schmidt process eg
: R" : V ,

=I
,
r = j, is

original basis orthogonal basis -----

↑,,, ....
in,

,
is
, ... in In=

---

&
converting non-arthogonal basis -i
into orthogonal basis

= v -

""
<E ,<

vi

2) Uz = Ve - V . uiu
, = - 1(11 + 01 + 11) 1 : Mrs

I

i = 1 II
: 11 U. U

, -1 -

(11) -11-11 + 1(1)
-
In

#

1) U = Yv
,

-U , has I term
2) us = Vs - Vo . U

.

- Us . Uc un:U ,
o UI U2 Un

2) = -J
,

i
.

) ~He
has I form,

-1-3:the
141 I

3) Es =-Cr ,

i
.

) hasa orthogonal basis :

_

iEs
-

_

i

141 In1
convert to unit restor

* we'resubstractinganypartthatnearth
gen

aart
orthmormal basis -
In . 1 = ii.i = Es

O

In:M = 2-OI
14s) = Us . Un = Ve



5.4 Mathematical models and least square analysis

Orthogonal subspace ~ subspace- subspace Projection into subspace
eg .

s: san=
if E41

,
42 , ...,

4th is or the normal basis Per subspace of RY
,

VER"

- proj v = (v = U
. (4 .

+ (Voca)U2 +.
.. + (V = U + (4 +

nagonalcangement,oena/complement
,- SVS-

U 3 v. U , = 0 for all - un finding leas square regression method

Vins
, andU in fa Fundamental subspace of a mathit

eg
: Find the orthogonal complement for a subspace R4

,

3 :10

not leading one, any value can be cheen
, but in order 2 O

NCA) : nullspace of A NCAT) : Mulkspace Of Atto standardise the param , representation
choose as Pres Sist = 0

~
Find the null space %

variables RIA) = column space of A RCAT) : column space of AT

@ & 0

- - es .

- Chomogenous system(
Un

= O

0001
-

4 St= 2 -1 if A is man matrit
,

-Ma
-

10
O RA)

,
NIAT) = orth. subspace of RM -0 RM = RIAL @ NIAT)

let M2 = S
,

Un = + - ② RIAY)
,

NIA) = orth . subspace of Rh -0 R" = RIAY @NIA)

u ,
= - 25 - t : Sand +fam a basis for

M4 = C RY

U
, - 21 - t (R" = AQU

-2 -

-
= S I + t O LRh is the direct

t O

C g ! sum of A and U



Leastsquare repression line

Y
~o last square regression

line
M

20 a values that minimizes

a
the error of An = b

thesystemareto

>1

Au = B - 0 A"An = AB

eg : i

I've
-

- At An = AB

12
I #

-13 -
S

-

3 6-i"= -

<
--

ATA : 1i =3
-

12

n =
= 5

-13 -
3/2

-

AB :11

-

0
:

-

y-
i y

:
- 5 + zu

..... -

"
-

&
S

· "U



Least square approximation column space of Y
~o last square regression

line
M

~ A -

20 a values that minimizes
- No solution For An = b

,

b is not in the (A)

a
the error of An = b

-we want to findm where 1lb - An 11 is as minimal (to approximate

ins ↳ difference is as little thesystemareto

>1least squar ↳solution

b An = procal b
Au = B - 0 A"An = AB

~ prin-agenal Lo <As ;ni
T V = Au

-
11 Ay

An-b = prin,-5
-

- At An = AB
promi - - ortagenaAeg :Tthese are (CA)

+

12
I #

↓ S
-

3 6-i"= -

<
(CA)" = NCA)

,

therefore An-5ENSAT) -13 --

↓
A(Au- b) = 0 ATA : 1i =3

-

↓ 12

n =
= 5

AT An = AT5 -13

im -

0
:

-

y-

3/2
-

AB :11 i y
:

- 5 + zu·m ..... -

"
-

&
S

· "U



Application of least square approximation - mathematical modeling
eg

:

A An = Alb
-

6 105 2275 -5 35.4.
1052275 55

,
125 2 ,

= 654 . 5

(0 + 5) + 25(c = 4. 9

-

227555
,

1251
, 421 , 875

- -6-
20 + 10) + 1001 = 5 . 3 U = 2

= 0 . 08

(0 + 15/1 + 225 = 5 - 7 -0

20 + 282 + 400 = 6 . 1

(0 + 25(1 + 625/2 = 6 . 5 : at u = 40
, y

= 4 . 5+ 000(48) = 7. 7 billion

10 + 301 + 9001 = 6 . 9

↓ An = b

-

15 25
-

-

4. 9-

110 100

115 225

I so
you

6. 1

125 625--6
. 5

130 900
-

6 . 9
-

--



Chapter 5 : Eigenvalues and Eigenvestors
~ eigen verte

Finding eigenvalues, eigenvecters
An = 2n & finding eigenvectors Using (A-hI)c=

Leigenvalue A =

-

11

↳ when matrix A is multiplied -41
-

for h = S,
withn

,

it produce In where

his scalar A-hI =

-

1 1 - a - 1 8: 1
- 3) 1e,

= O
u = - 1 -

-41
-

-01
-

-

41-
-

-

41 - (3)
-

42

eg : A =-Sl ,

n = Aeros
2

-'Gleigenvalue(

①find value of a by using formula 1A-hIl = 2 im= 0

-00 . -Mr
-

Ai =

-

. 3 + i =c = -, ligerate 1-n
= O

41-n

- 2 + 0
.

- 2- -- for n = -1

(1 - a) (l - h) - (4)(1) = 0

1 - 2n + = - 4 = 0
1-71) 1e

,

-

= O

(n - 3)(n +1)
=O

-41 - H)
-

42. u =
- 1

-

Aeros - 2 -

eigenvalues : h = 3
,

n = - 1
-

2 iu= = 0

-

>
00
.

Mr
.

For triangular matrices
,

the main diagonal is its eigenvalues
-

a ,

* *
-

n ,

0 0-

O h2 * or
* he o eigenvalues : L

,
he

, As eigenspace-[ 3
00hs--** hs-



logical explanation for 1A-hI1 = 0

An : hu

↓
An -In = 0

↑ identity ,
want change

the value

↓ were want non-trivial coln
,
( + 0

(A - h])n = 0

I(A-n2) is invertible
> u = (A - 171

+0
i = 0

↳ Prefere
,
(A-12 I can'tbe

invertible

Lo
non-invertible

,
defit) = 0

1A-hIl = 0



Application of eigenvalues and eigenrestors
eg : A =

-3 - +
,

represent A : XDU

Dingmalization
-56

n i
diagonal Matrix (d) ① Find the eigenvalues , by using /A-nt1 = 0

D =: u= 1 -ME e =

= 5 - 4
- 4

A = uSn 12
n - H

=O _
ha
-

-
5 - 5

5

-

2
writing a matric as a

56-h
- 4

-

product of matrices (n -1) (x- 2 ) = 0

5

Finding D & A can be obtained
h = 1

, n = 2

A: MDX
"

=
- 1 - M5 i 0 = 5 - 4

-

7 fromD from change is
similar

② Find eigen reiters -

11
-

-02
- -

5 - T
of basis (P)

↓ he positions are important !

-
of eigenvalues of An, Par h = 1

,

1 "A-Omade o O As /2/i,

(A-(1)2)k, =4ci-2-matric U diagonalizes A

- made of eigenvectors of a) made of eignutos( n
.=

* nou matrix is diagonalizable
① hasn unique eigenvalues For h= 2

if it has n eigenrestors how to or

(A-(2(2)na =5 -Hu = 0
know ?

② has repeated eigenvalues
,

-
Us

but total of n : n5-
* "

linearly independant Mc=
eigenvectors

A
We need nor matrix to

represent 4th matrix

3 distinct

-
/ eigenvales

A = 1-2

O g I

-00
- 3

-



Symmetric matrices eg : Find P that arthogonally diagonalizes A:hi
A = AT ① Find eigenvalue

- 1 = 1 (a]-Al = n + 2 - 2 = (n + 3)(a- 2)

- 2h- 1
since A is symmetric,
the eigenvectors are

-3
- -y

genvestors ,
for symmetric matrices ortegenal

=I: Findsignatorher it into

orthamn = -s
,

in =
=c

,

Orthonormal in:

are orthogonal
,

En - u = =

n = 2
,
i
==F

, othermal te =
I

-

i =

I i
=

-2- 1121 , 2311
-

:21
.

2
Orthogonal diagonalization

Cr A is arthogonally diagonalizable if

-p AA" = In ③ For each eigenvalue of multiplicity 172
,

A is orthogonal matrix
&

AT = A

find set of h linearly independant using

Gram-Schmidt arthenormalization

(there's no such case here
,

so ship)

① using pl , p2 as column Vectors construct P

D = P
-

Ap = P"AP

= Vie = 2 2-/re Vie= 3 o

-Vie 2/E-21--VIE I/E -
02.



Chapter 6 : Linear Transformation

20 i (10) -0 m
A linear transformation must :

0 (((v) = c L(r/
I

L
W ②((V + w) = ((r) + L(w)

U &

If

L : V - W

eg : L : R
:

-OR" LIVI =v.

↳
V, Ve

- map one restor space -V, - Ve-

onto another

- may also may to 0 (((V) = 1 ( (r) ? V ② ((F+ W) = ((P) + 1 (m) I v
the same Vector space

cr =
in-

I v+ w= v
, + n,

Representing linear transformation curse i=
=

= i've = CP) LFW*we -

: v i = (10) + L(m)

as Matrices
,
((r) : Ap (V

,
+ (Ve ((V, + Ve)

V, + Ve
(V. + Vel + (W.

+ Wel VitVe + WitWa

CV
.
- (Ve

-

ve- -
-

-

((V - Ve)
-

-V .

-Ve -(V-Vel + (W.
-Wal

_

V - Ve--We

LiR" ->R3 (10) = VitVe

--V.

- Ve

I LIV) :Ve is a linear transformation

d basi, F V, + Ve

U, - Ve

A
~



L
W

U &

image
Kernel of ( ; Ker(2)

Lo-the result of linear transformation 2 set of rectors in V that

of s = ((s) gives the Ovestor in W
,

LIV) =0

- image of entire restor : range of L

eg : ( : R" - OR" LIVI=V, eg : ( : R"- OR" LIVI=V,

Isubspace ce
v. - e-rs-

·- -

= [t
-

Pimage of subspace ( P-tr
any restor where to

and Vc = Us will result

in zero rel


